Abstract. The objective of this work is to design robust controller for smart structures to control its
INTRODUCTION
The trend of civil engineering design requires structures to become lighter, more flexible and stronger, so in recent years, the light structures have been widely used in various engineering applications [1] . The use of active control techniques for the suppression of vibrations of very light structures is a very important target in many applications, where the additional masses of stiffeners or dampers should be avoided. Active techniques are also more suitable in cases where the disturbance to be cancelled or the properties of the controlled system vary with time [2] . In practice, any structure that deforms under some loading can be regarded as flexible structure and is a distributed parameter system. This implies that vibration at one point is related to vibration at the rest of the points over the structure [3] . Thus, it is desirable to use appropriate sensors and actuators. Piezoelectric sensors and actuators are extensively employed in many practical applications such as smart structures due to their lightness and their capability of coupling strain and electric fields. In order to control structural vibrations, piezoelectric sensors and actuators can be easily bonded on the vibrating structure [4] . Vibration suppression of a flexible structure can be optimized by locating piezoelectric sensors and actuators in efficient locations. This work is concerned with active vibration reduction of a beam, mounted rigidly along one edge to form a cantilever. Optimal placement of five piezoelectric sensor/actuator pairs to thirty possible locations in order to suppress the first six modes of vibration is obtained by fully examining all possible configurations. The LQR performance index is used as objective function to locate the sensor/actuator pairs. The beam, with piezoelectric sensor/actuator pairs bonded to its surfaces, is modelled using the super-convergent FE approach which includes extension, bending and rotation degrees of freedom [10] . Vibration reduction for the cantilever beam with piezoelectric patches bonded in the optimal location was investigated to attenuate the first six modes of vibration using an H infinity control scheme.
DYNAMIC MODELING OF STRUCTURE
For designing a controller, a structure consists of a cantilever beam with five surface bonded piezoelectric pairs is considered. The patches are used as actuators and sensors and they are attached symmetrically to either side of the beam, thus collocating the actuator and sensor. For the analysis of the cantilevered composite structure, a super-convergent finite element (FE) model is used [10] .
Modelling
The dynamical description of the system is given by
where M is the generalized mass matrix, D is the viscous damping matrix, K uu is the generalized stiffness matrix, f m is the external loading vector and f e is the generalized control force vector produced by electromechanical coupling effects. The independent variable χ(t) is composed of the axial displacements u i , transversal deflections w i and rotations ψ i , [10] where x is the state vector, A is the system matrix, B is the control matrix and u is the input vector.
Optimization of Sensors/Actuators Location in Vibration Control
In active control of smart structures, placement of actuators and sensors (S/A) on the structure is a very important issue in order to achieve most effective actuation. Optimal placement of sensors and actuators over a structure can be different for different criteria. Next, in order to propose performance criteria for S/A locations a criterion based on LQR performance index has been considered. In this work, it is assumed that every actuator covers exactly the length of one element and possible actuator locations are described through the elements of a vector of binary variables, whose elements i are 1 to indicate the presence and 0 the absence of an actuator.
The control vector u can be expressed, using the LQR method, as
where P satisfying the following matrix Ricatti equation
where Q is a positive semi-definite output weighting matrix and R is a positive input weighting matrix. Since the input matrix B is a function of the locations of the actuators, the system will be changed if the locations of actuators will be changed. in this work, the objective function (criterion) which have been used for the locations of the sensors/actuators pairs is given by [11]     opt J a trace P a    where α represents the location of the actuator-sensor pairs.
Since in this problem setting, there are thirty possible locations and the positions of only five actuators have to be decided, a full enumeration scheme that examined all possible 142506 combinations was used. In case that the number of actuators or locations gets bigger, then other techniques that handle better the combinatorial explosion problem like Genetic Algorithms and Local Search can be used instead.
STATEMENT OF THE ROBUST CONTROL PROBLEM
The optimal control problem is initially studied for the nominal system, i.e., the beam with known elastic and piezoelectric properties. A more realistic question concerning the robustness of the control in the presence of defects is also addressed. The fact that the system is influenced by disturbances, such as the wind power, as well as the noise of measurements, is taken into account. The mathematical pattern being used in the designing is an approximation of the real one. Further, a robust control law for the composite beam are designed in order to suppress the vibrations. The response of the controlled nominal and damaged beams is investigated. In order to take into account the incompleteness of the information about the eventual damages and external additional influences a robust Η infinity controller is designed. A system analysis is made on condition that the system is not accurate but includes uncertainty that may be related to some kind of damage [7, 8] .
For practical applications the algorithm requires several trial-and-error design iterations in order to provide appropriate control voltages, since the piezoelectric actuators can be depolled by high oscillating voltages. The effectiveness of the proposed control strategies is investigated with the help of numerical simulations.
CONTROL DESIGN
We solve a regulator problem for the smart beam with piezoelectric patches. The objective in this section is to determine the optimal vector of active control forces u(t) subjected to performance criteria and satisfying the dynamical equations of the system, such that to reduce in an optimal way the external excitations. We consider the steady state (infinite time) case, i.e. the optimization horizon is allowed to extend to infinity. We seek a linear state feedback [9] u Kx  , with constant gain K.
The control problem is to keep the beam in equilibrium which means zero displacements and rotations in the face of external disturbances, noise and model inaccuracies, using the available measurements (displacements and rotations) and controls [14, 15] .
Robustness analysis
The following three steps are taken in the robustness analysis:
1. Expression of uncertainty set by a mathematical model.
Robust stability (RS)
: check if the system remains stable for all plants within the uncertainty set.
3. Robust performance (RP): if system is robustly stable, check whether performance specifications are met for all plants within the uncertainty set. [15, 16] To perform the robustness analysis, the interconnection of Figure 1a ,b will be used. Here P is the nominal plant defined by figure 1 which includes the uncertainty modelling and K is the calculated Η ∞ controller. The uncertainty included in Δ satisfies ║Δ║ ∞ ≤1. Since K is known, figure 1a can be simplified to figure 1b. [6, 13] Given this structure it is known that,
I.
The system (Μ, Δ) is robustly stable if,
where
 is the structured singular value of M given the structured uncertainty set Β Δ .
II.
The system (Μ, Δ) exhibits robust performance if,   Unfortunately, only bounds on μ can be estimated. To proceed let us assume uncertainty in the M, D and K uu matrices of the form,
This means we are allowing a percentage deviation from the nominal values. With these definitions Equation (1) 
M q t D q t K q t Dq t f t f t
where,
Writing Equation (3) in state space form, gives, 2 2 2 2 2 2 2 2 6
RESULTS
For the numerical simulations a composite beam with piezoelectric layers bonded on its top and bottom is used. The cantilever beam is of dimension 300×25×0.5 mm. The host beam is made of aluminum and the piezoceramic is PZT. The material constants for the aluminum and the piezoceramic are: Q 11 =60.0 GPa, Q 55 =40.0 GPa and Q 11 P =62.0 GPa, Q 55
The thickness of each PZT is h p = 0.35 mm. The length of one piezoelectric patch is assumed to be equal to the length of one finite element. For the finite element analysis the beam is divided into 30 elements and the total number of piezo pairs is assumed to be five. Structural damping is not included in the formulation so that the effectiveness of only the active control in the vibration response can be assessed. The beam model with the optimal locations of the five sensor-actuator pairs is shown in Fig.2 . Next, our aim is to study the response of the composite beam in the presence of defects and damages.
Two kinds of loading are used as disturbances:
• Transient force 4N distributed in the free end of the plate.
• Periodic sinusoidal loading pressure acting on every node on one side of the structure simulating a strong wind. The control effort is shown in Figure 2c , where it is seen that both controllers use comparable voltage and are well within the 500V limit of piezoelectric actuators. With finer tuning (perhaps by adding a D term also), the speed of response and other transient characteristics (overshoot) can of course be improved control strategy. The nominal performance is depicted in Figure 3 , which shows the response of the uncontrolled and controlled structure using H ∞ The H ∞ controller found is of order 36. The fact that controller order, which is equal to the order of the system, is relatively higher than the order of classical controllers such as LQR has led a number of researchers to develop order reduction algorithms. The most widely used such algorithm, known as HIFOO, has been implemented in a Matlab environment, and is the one used in the following procedure [6, 14, 15] . The general problem is to compute a controller of reduced order n< 36 while retaining the performance of the H ∞ criterion as well as the behaviour of a full order controller for the given system [6, 14] . Nonsmooth variation analysis and related computational methods are powerful tools that can be effectively applied to identify local minimizers of the nonconvex optimization problems arising in fixed-order controller design.
The results are shown in Figure 4 , where we can see the displacement of the free end of the structure for the open and the closed loop using the H ∞ criterion and nonconvex optimization. The results are very satisfactory; we reduced vibrations with a lower order controller. In Figure 5 , we take the maximum value of the stress of the structure in the frequency domain. Figure 4 The displacement of the free end of the structure Figure 5 Τhe σ max value for all frequencies
CONCLUSIONS
Vibration control of a smart structure with collocated piezoelectric actuator and sensor as a general smart structure has been achieved using optimally placed piezoelectric S/A pairs. The design of the piezoelectric active control using H infinity control theory for the nominal and damaged laminated plate has been studied. The results show that the proposed model and method are effective and the control behaviour of the beam achieves the predicted characteristics. After the analysis of the system we check the robust stability and system performance. The introduction of uncertainty permits us to keep the structure in service up to given limits of uncertainty.
